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Abstract
We consider the conjecture of Brutman and Pasow on a totality
divided differences and prove the conjecture for continuous functions.
Key words: divided differences problem, finite-differences.
Let C[0, 1] be the set of continuous functions, defined on the segment
[0, 1]and equipped with the uniform norm ||.||. We denote by ǫ any infinitely
small positive number. Divided difference of f of order n at the distinct
knots xi, i = 0, 1 . . . , n is
f [x0, . . . , xn] :=
n∑
k=0
f(xk)
Ω′(xk)
,
where Ω(x) := (x− x0) . . . (x− xn). As usual we define the finite differences:
∆nhf(x) =
n∑
j=0
(−1)n+jf(x+ jh).
From binomial theorem it is easy to see that:
f [0, 1/n, 2/n, ..., 1] =
∆n1
n
f(0)
n!( 1
n
)n
(1)
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In [1] is formulated the following:
Conjecture (Brutman and Pasow). Let f ∈ C[0, 1]. Suppose that the
divided differences f [0, 1/n, 2/n, ..., 1] = 0, n = 1, 2, ... and f(0) = 0, then
f(x) = 0 for all x ∈ [0, 1].
Let ∆n1
n
f(0) = 0 and Qn(f ; x) be the Interpolation polynomial of La-
grange of degree n at the knots 0, 1/n, 2/n, ..., 1. It is known that the leading
coefficient of Qn(f ; x) is f [0, 1/n, 2/n, ..., 1]. Using this, we may formulate
the conjecture of Brutman and Pasow in the following equivalent form:
Let f ∈ C[0, 1] and f(0) = 0 suppose that the Interpolation polynomial of
Lagrange of degree n at the knots 0, 1/n, 2/n, ..., 1. is in fact of degree n− 1
for each n ≥ 1. Does this imply thatf(x) = 0 for all x ∈ [0, 1].
Let us mention, that the conjecture of Brutman and Pasow is true for
polynomials. Really, let f be polynomial f = anx
n + an−1x
n−1 + . . .+ a0 and
from integral representation of finite-differences
∆nhf(x) =
∫ h
0
. . .
∫ h
0
f (n)(x+ t1 + . . .+ tn)dt1 . . . dtn
we in strict succession obtain, that an = an−1 = . . . = a0 = 0 and f ≡ 0. In
[3] the conjecture was proved for entire functions of exponential type.
Theorem 1. Let f ∈ C[0, 1] for any fixed ρ and f(0) = 0. Suppose that the
interpolation polynomial of Lagrange of degree n at the knots 0, 1/n, 2/n, ..., 1
is in fact of degree n− 1 for each n ≥ 1. Then f(x) = 0 for all x ∈ [0, 1].
Proof. First, we set for any x /∈ [0, 1], f(x) = 0. Take any x and y in [0, 1].
Say y = x + n!h. Now x < y for each integer j = 1, . . . , n, write n! = jj′..
We use the formula for infinity interval from [2] and obtain
(−1)n[f(x)−Qn(f ; x)− f(y)−Qn(f ; y)]
=
1
N
N∑
i=1
{∆nih[f(x)−Qn(f ; x)]−∆
n
ih[f(y)−Qn(f ; y)]}
−
1
N
n∑
j=1
(−1)n+j
(
n
j
) N∑
i=1
[f(x)−Qn(f ; x)− f(y) +Qn(f ; y)]
Now we put y = 1, and have f(y + ijh) = 0 for every ij, Qn(f ; y) = 0. For
the first term ot right side
2
1N
N∑
i=1
{∆nih[f(x)−Qn(f ; x)]−∆
n
ih[f(y)−Qn(f ; y)]} = (−1)
nf(x) + ǫ (2)
1
N
n∑
j=1
(−1)n+j
(
n
j
) N∑
i=1
[f(x)−Qn(f ; x)− f(y) +Qn(f ; y)]
=
1
N
n∑
j=1
(−1)n+j
(
n
j
)
{
N∑
i=N−j′+1
[f(x+ jih)−Qn(f ; x+ jih)]
−
j′∑
i=1
[f(y + ijh)−Qn(f ; y + ijh)]}
=
1
N
n∑
j=1
(−1)n+j
(
n
j
) N∑
i=N−j′+1
f(x+ jih)−
1
N
N∑
i=N−j′+1
{
n∑
j=0
(−1)n+j
(
n
j
)
Qn(f ; x+ jih) + (−1)
nQn(f ; x)}
−
1
N
n∑
j=1
(−1)n+j
(
n
j
) j′∑
i=1
f(y + ijh)−
1
N
j′∑
i=1
{
n∑
j=0
(−1)n+j
(
n
j
)
Qn(f ; y + ijh) + (−1)
n j
′
N
Qn(f ; y)}
=
1
N
n∑
j=1
(−1)n+j
(
n
j
) N∑
i=N−j′+1
f(x+ jih)−
1
N
n∑
j=1
(−1)n+j
(
n
j
) j′∑
i=1
f(y + ijh) + (−1)n
j′
N
Qn(f ; y)
= (−1)n
j′
N
Qn(f ; x) + ǫ.
Using (2) and above considaration we get
(−1)n[f(x)−Qn(f ; x)] = (−1)
nf(x)− (−1)n
j′
N
Qn(f ; x) + ǫ. (3)
3
From (3) we obtain that Qn(f ; x) ≡ 0. We obtain f(x) = 0 in inter-
polation knots 0,
1
n
. . .
n
n
, for every natural n. Finally continuous function
f(x) = 0 in rational points in [0, 1], therefore f ≡ o.
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